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2 1 MEASURE SPACES

Definition Riemann integrall

Let f: [a,b] € R be a bounded function, and define:
DN={a=zp<z1<...<Tp_1 <Tp} ITT| = max{x;y1 — x;}

The Riemann integral is defined by:

n

b
[ e)de= fm S r@)@—ei) &€ ma)

=1

1 Measure spaces

1.1 Algebras and measures

1.1.1 Finitely additive algebras

Definition Algebra |

A collection A of subsets of a set 2 is a (finitely additive) algebra if:
1. QcA
2.Ac A = A€ A
3. ABceA = AUBecA

Lemma |

Let A be an algebra on 2 and A, B € A. Then the following are also in A:

ANB A\ B AAB (symmetric difference) %]

Definition Finitely additive measurel

A finitely additive measure £ on an algebra A is a function p : A — [0, 0o] which satisfies
1. w(@)=0
2. If A, B € A are disjoint, then u(A U B) = u(A) + pu(B)

Lemma |

Let p be a finitely additive measure on an algebra A. Then
1. u(AUB) + u(AN B) = u(A) + u(B).
2. ACB = u(B)=p(A)+u(B\ A)
3. ACBand u(A) <oo = u(B) — pu(A) = p(B\ A4)

Lemma Construction of pairwise disjoint sets |

Let A, € Q,n € N and define the subsets
A/1:A1 A’:An\(AlLJUAn_l) ’ILZQ

Then the sets A, are pairwise disjoint and

=1

k=1 n=1 n=1

Note: if A, are monotonically non-decreasing (A,—1 C A,), then

Al = A\ At OA;:AH GA;:OA,L
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1.1.2 -algebras and measures

Definition o-algebra

A collection A of subsets of a set €2 is a o-algebra if
1. Qe A
2. Ac A = A°c A

3. A,e AforallneN = |J 4, €A

n=1
Lemma |

If Ais a o-algebra, then
A, e AforallneN = ﬂAneA

n=1

Definition Measure |

A measure p on a o-algebra A is a function p : A — [0, 00] which satisfies

1. w(@)=0

2. If A, € A are pairwise disjoint, then p ( U An> = > u(Ayp)
n=1 n=1

Proposition Countable subadditivity |

Let i be a measure on a o-algebra A.

A, e AforallneN = ﬂ(U An> <> u(Ay).
n=1

Corollary |

The countable union of sets of measure 0 is a set of measure 0.

Definition Measure space |

A measure space is a triple (w, A, 1) consisting of a set (2, a o-algebra A on Q, and a measure p : A — [0, o0].
A measure space (w, A, 1) is a finite measure space if ;4(€2) < oo and a probability space if x(Q) = 1.

1.2 Monotone convergence

Definition Monotone convergence |

At A = A CAC...and A= 4

AnlA < A1DA; 2. and A= )4

Theorem |

Let (2,4, 1) be a measure space and A,, € A. Then
1. if A, T A, then A € A and p(Ay,) T u(4)
2. if A, L A and u(A;) < oo, then A € A and u(Ay) | 1(A)

Theorem |

If Ais a o-algebra and p a finitely additive measure on  such that

wQ)<oo and A,]l2 = u(4,)10

then p is a measure.
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1.2.1 o-finite measures

Lemma |

Let (2,4, 1) be a measure space. The following are equivalent:
1. There exist §2,, € A such that x(Q,) < oo and @ = Q,
2. There exist §2,, € A such that u(2,) < co and Q@ = |, and €, are mutually disjoint.
3. There exist €, € A such that p(£2,) < oo and Q,, 1 Q

Definition o-finite measure |

Let (2, A, 1) be a measure space. If §2,, as in the previous lemma exist, then (Q, A, ) is o-finite.

Proposition |

Let (2, A, ) be a o-finite measure space. Let 2,, € A be such that ;(€,) < co and ©,, T Q. Then
pn(A) = p(ANQ,) Ae A

defines a finite measure on €2, and p,(A) 1 u(A) for all A € A.

1.3 Generators of o-algebras

Lemma |

The intersection of a non-empty family of o-algebras on 2 is a o-algebra.

Proposition |

Let £ be a family of subsets of 2. Then there exists a unique o-algebra A such that
1.ECA
2. If B is a o-algebra containing &£, then A C B

Definition Generated o-algebra |

A as in the previous proposition is the o-algebra generated by the generator £, denoted o ().

Definition Borel o-algebra |

Let Q be a topological space. The o-algebra generated by the open sets is called the Borel o-algebra B((2).
The elements of a Borel o-algebra are called Borel sets.

Proposition |

The Borel o-algebra B on R is generated by:
1. the collection of closed subsets of R
2. the collection of intervals (—o0, ¢], ¢ € R
3. the collection of intervals (a,b], a < b
The Borel o-algebra B¢ on RY is generated by:
. the collection of closed subsets of R?
. the collection of half-spaces {(z1,...,24) : z; < b}, wherebe Rand 1 <i<d

1
2
3. the collection of rectangles (a1,b1] X ... X (aq, bg] where a;,b; € R, a; < b;, and 1 <i <d
4. the collection of compact subsets of R?

5

. the collection of rectangles [a1,b1] X ... X [aq, bq] where a;,b; €ER, a; <b;,and 1 <i <d
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1.4 Dynkin systems

Definition Dynkin system

A collection A of subsets of a set () is a Dynkin system if
1. QeD
2. Ac A = A°c A

3. A, € Aand A, are pairwise disjoint foralln e N = |J A, € A

n=1
Lemma |

The intersection of a non-empty family of Dynkin systems on €2 is a Dynkin system.

Proposition |

Let £ be a family of subsets of €2. Then there exists a unique Dynkin system D such that
1. £CD
2. If F is a Dynkin system containing £, then D C F

Definition Generated Dynkin system

D as in the previous proposition is the Dynkin system generated by the generator £, denoted d(&).

Lemma |

d(€) C o (E)

Lemma |

D is a g-algebra <= D is a Dynkin system which is closed under intersection

Lemma |

Let &€ be a collection of subsets of 2, let D € d(€) and define:
Dp:={AeP(Q): AnDed(&)}

1. Dp is a Dynkin system.
2. If £ is closed under intersection, then d(£) C Dp.

3. If £ is closed under intersection, then d(&) is closed under intersection.

Theorem |

Let £ be a collection of subsets of Q. If £ is closed under intersections, then d(€) = o (&)

Corollary |

Let (92, A) be a measurable space and £ a generator of A which is closed under intersection.
Let 1 and v be finite measures on A such that:

1. w(A)=v(A) forall Ac &
2. (@) = v(®)

Then p=v.

Corollary |

Let (92, A) be a measurable space and £ a generator of A which is closed under intersection.
Let 1 and v be g-finite measures on A such that:

1. w(A) =v(A) forall Ae &
2. pu(2) = v(,) < oo for some sequence Q,, € £ such that £, 1T
Then p=v.
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1.5 Completion

Definition Complete measure spacel

A measure space (€2, A, ) is complete if

ACBeAand u(B)=0 = Aec A

Definition Completion |

Let (92, A, ) be a measure space. Define:
Z:={N C Q: there exists F' € A such that N C F and u(F) =0}

A:={EUN:EcANc Zz}

Then we define the completion 7i of 1 on A as

E(EUN) = p(E) EcANeZ

Theorem |

Let (Q,.A, 1) be a measure space. Then the triple (€2, A,7i) is a complete measure space extending (2, A, u).
Moreover, this extension is minimal: if (€2, A, i) is another complete measure space which extends 4, then it also
extends (2, A, 7).

Corollary |

The completion of a o-finite measure space is o-finite.

Proposition |

Let (2,4, 1) be a measure space and Q' C . Then the trace of A4 on ' defined by
A ={ANnQ : Aec A}
is a o-algebra on €', and if ' € A then
u'(B) := p(B) BeA

defines a measure on Q. If (2, A, 1) is complete, then so is (', A’, i/).

2 Construction of measures

2.1 Outer measures

Definition Outer measure |

An extended real-valued function p* : P(2) — [0, 00] is an outer measure on Q if
1. p*(@)=0
2. ACB = p*(A) < u*(B)
3. A, CcQneN = u*(U An> < 3 pr(A4y)
n=1 n=1
A set A C Q2 is measurable with respect to p* if

w(Z)=p*(ZNA)+ " (ZN A forall Z C Q
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Lemma |

Let ©* be an outer measure on €. A set A C € is measurable if and only if

ZCQand p*(Z) <o = p(2)>u"(ZNnA)+u"(ZnNA°

Lemma |

Let A C Q satisfy u*(A) = 0. Then A is measurable with respect to y*

Theorem |

Let ©* be an outer measure on €2 and let A* be the set of all y*-measurable sets A C 2.

1. A* is a o-algebra on €.

2. The restriction of u* to A* is a complete measure.

2.2 Lebesgue measure

2.2.1 Lebesgue outer measure

Definition Closed d-dimensional rectangle |

A closed d-dimensional rectangle is a subset of R? of the form
R:[al,bl]x~~x[ad,bd] CLi,biER angz ’L:L,d

Its volume is defined by
U(R) = (b1 —a1) - (ba — aq)

Definition Lebesgue outer measure |

Let A C R Then m*(A) € [0, 0] is defined by

m*(A) = inf {Zﬂ(Rn) : R, C R? closed rectangle, A C U Rn}
n=1 n=1

Theorem |

m* : P(R?) — [0,00] is an outer measure, called the Lebesgue outer measure.

Lemma |

Let m* be the Lebesgue outer measure and let R C R? be a closed rectangle with volume ¢(R). Then m*(R) = /(R)

2.2.2 Lebesgue measure

Definition Lebesgue measure

The Lebesgue measurable sets of R¢ are the measurable sets defined by the Lebesgue outer measure m*,
and the Lebesgue measure is the restriction of m* to the Lebesgue measurable sets.
The corresponding complete measure space is denoted by (R%, M9 m).

J

Proposition

Every closed rectangle in R? is Lebesgue measurable.

Corollary |

Every open set in R? is Lebesgue measurable.

Corollary |

The Lebesgue measure on R¢ is o-finite.
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2.2.3 Behavior under linear transformations

Proposition /nvariance under translation |

Let A c R? and z € R%. Then
m*(A+xz)=m*(A)

Hence, A + x is Lebesgue measurable if and only if A is Lebesgue measurable, and in this case,

m(A+ z) = m(A)

Lemma /Invariance under orthogonal transformationsl

Let A C R? and let Q be an orthogonal transformation in R?. Then
m*(Q(A)) =m*(A)
Hence, Q(A) is Lebesgue measurable if and only if A is Lebesgue measurable, and in this case,

m(Q(A)) = m(A)

Proposition |

Let A C R? and let T be an invertible linear transformation in R¢ Then
m*(T(A)) = |det T|m*(A)
Hence, T'(A) is Lebesgue measurable if and only if A is Lebesgue measurable, and in this case,

m(T(A)) = | det T|m(A)

Corollary |

Let 7' be a non-invertible linear transformation in R? and let A C R?. Then T'(A) is Lebesgue measurable and

m(T(A)) = | det T|m(A) = 0

2.2.4 Regularity properties

Lemma |

Let A C R? with m*(A) < co. For every € > 0 there exists an open set O C R? such that

ACO and m*(A) <m(0)<m*(A)+e

Lemma |

Let A C R? with m*(A) < co. There exists a sequence of open sets O,, C R? such that

AcC ﬁ O, and m*(A)=m (ﬁ On>
n=1 n=0

Theorem |

The Lebesgue measure space (R?, M9 m) is the completion of (R, B(R?), m), where B(R?) is the Borel o-algebra.
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Proposition |

Let A C RY. The following are equivalent:
1. Ais Lebesgue measurable
2. For all € > 0 there exists an open set O C R% such that A C O and m*(O\ A) < ¢
3. For all € > 0 there exists a closed set F' C R? such that F C A and m*(A\ F) <¢

Corollary |

A C R? is Lebesgue measurable if and only if for all £ > 0 there exist O, F C R such that:
e O is open and F' is closed
e FCACO
e m*(O\F)<e

2.3 Lebesgue-Stieltjes measure

Proposition Properties of left and right limits |

Let F : (a,b) — R be non-decreasing. Then for x € (a,b) the left and right limits F'(x—) and F(z+) exists, and

1. sup F(t)=F(z—) < F(z) < F(z+) = inf F(t)
a<t<z z<t<b

2. F has at most countably many discontinuities = € (a,b), which are jump discontinuities: F(z—) < F(x+)
3. Ifa<z<y<b, then F(z+) < F(y—)

Definition Relative length of an interval |

Let F': (a,b] — R be continuous from the right, i.e. F(x) = F(x+).
We define the length of (a, b] relative to F' by

lp(a,b] = F(b) — F(a)

Definition Lebesgue-Stieltjes outer measure on ]Rl

Let A CR. Then (mp)*(A) € [0,00] is defined by

(mp)*(A) := inf{ZéF(In) : I = (an,bn), A C | In}
n=1 n=1

Theorem |

(mp)* : P(R) — [0,00] is an outer measure, called the Lebesgue-Stieltjes outer measure.

Definition Pre-measure |

Let A be a class of subsets of 2 with & € A. A function u: A — [0, 0] is a pre-measure if
1. w(@)=0

2. If A, € A are pairwise disjoint and |J A,, € A, then p ( U An) = > w(Ay)
n=1 n=1

n=1
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2.4 Extensions of pre-measures

Definition Semi-ring |

A collection § of subsets of ) is a semi-ring if
l.oes
2. if A, Be S, then ANBeS
3. if A,B €S, then A\ B is a union of pairwise disjoint sets C,...,Cy € S.

Theorem Carathéodory extension theoreml

Let S be a semi-ring on Q and let p: S — [0, 00] be a pre-measure.
Then p has an extension to a measure on o(S), the o-algebra generated by S.
If the pre-measure on S is o-finite, then its extension to o(S) is unique.

3 Measurability of functions

3.1 Measurable functions

Definition Measurable functionl

Let (2, .A4) and (92, A’) be measurable spaces.
f:Q—Qis (A, A)—measurable if f~1(A’) € Aforany A’ € A

J

Proposition

The composition of a (A, .A’)-measurable function and a (A’, . A”)-measurable function is (A, A”)-measurable.

Theorem |

f:(Q,A) = (Q,A) is measurable <= f~'(E’) € A for any E' € £ for some generator £ of A’

Corollary |

Let Y be a topological space.

f:(Q,A) = (Y,B(Y)) is measurable <= f~(O) C A for each open set O C Y

3.1.1 Extended real-valued functions

Definition Extended real line

R = [~00, 00] is the extended real line, equipped with usual ordering, topology and o-algebra B := B(R)

Corollary |

f:(Q,4) = (R,B(R)) is measurable if and only if for all ¢ € R one (and hence all) of the following are satisfied:
l. {fweQ: flw)<cteA
2. {weQ: flw)<cted
3 {weQ:flw)>cted
4 {weQ: flw)>cted

This is also true if we replace R by the extended real line.

Proposition |

f=(fi,f2):(Q,A) — R? is measurable <= f;: (2, A) = R and f5: (Q,.A) — R are measurable

This is also true if we replace R by the extended real line.
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Proposition |

Let f,g: (9, A) — (R, B) be measurable and let A € A. Then the following sets are measurable:

fwe: fw) <g(w)} fwe: fw) <g(w)} fwe: fw) =g(w)}

Proposition |

Let £, 9, fn : (2, A) — (R, B) be measurable. Then the following functions are measurable:
1. max(f,g) and min(f,g)

2. sup fpn, inf f,, limsup f,, and liminf f,
neN neN neN neN

f + g (except at points where f = +00 and g = Fo0)
fg and [f|

cf,ceR

flg:{weQ:g(w) #0} — R

The pointwise limit of f,

N &S @

For the proof, we use the fact that B is generated by the collection of intervals [—o0, ], ¢ € R.

3.1.2 Probability theory fundamentals

Definition Probability theory fundamentals |

Let (2,4, 1) be a probability space, i.e. (2,4, i) is a measure space and p(Q) =1
e The measurable sets A € A are called events
The probability of an event A € A is defined by p(A)
The conditional probability of A € A given B € A is defined by (AN B)/u(B)
The events A, B € A are said to be independent if (AN B) = u(A)u(B)

A random variable is a measurable function f : (Q2,.4) — (R, B)

3.2 Approximation by simple functions

Definition Simple function |

f:(Q,A) = (9, B) is called simple if f is measurable and takes on only a finite number of values.

Theorem |

Let f:(Q,4) — (R,B) be measurable.
Then there exists a sequence of simple functions f,, such that f,, — f pointwise, and

1. if f is bounded, then the convergence is uniform

2. if f >0, then the sequence f,, may be chosen such that 0 < f; < fo < ...

3.3 Properties valid almost everywhere

Definition Almost everywhere |

A property is said to hold almost everywhere (a.e.) on  if it holds on a measurable set A € A
whose complement A€ has measure 0.

[Lemma

If f =g almost everywhere and g = h almost everywhere, then f = h almost everywhere.
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Lemma |

Let £, 9, fn: (2, A, u) — R be measurable.

1. If f and g are measurable, then

f = g almost everywhere <= p({w € Q: f(w) # gw)}) =0

2. If f,, and f are measurable, then

li_)m fn = f almost everywhere <= pu({w e Q: li_)m faw) # fw)}) =0

Theorem |

Let (Q,A, 1) be a complete measure space and f, g, f,, : (2,4, ) — R.
1. If f is measurable and f = g almost everywhere, then ¢ is measurable.

2. If f,, is measurable and lim f,, = f almost everywhere, then f is measurable.
n—oo

Theorem |

Let (2, A, 1) be a measure space and (€2, A, %) its completion, and let f : (Q,.A) — (R, B) be measurable.
1. f is measurable with respect to (£2,.A)

2. There exists a function g : (©2,.A) — (R, B), measurable with respect to A such that

E({w € Q:g(w) # f(w)}) =0

i.e. g = f almost everywhere with respect to pu.
Furthermore, g may be constructed such that g(w) = 0 if g(w) # f(w)

4 Integrability of functions

4.1 Integrals of nonnegative functions

Definition Integral of a nonnegative simple functionl

Let (2,4, 1) be a measure space and let f : (2, 4) — (R, B) be a simple nonnegative function:
F=Y ol reN, A, € A pairwise disjoint
k=1

Then we define the integral of f as:

/ Fdu= awu(4r)
Q k=1

Proposition |

Let f,g: (2, A) = (R, B) be nonnegative simple functions. Let o > 0. Then

1. af and f + g are also nonnegative and simple.

2. /Qafdp,:a/ﬂfdu
3. /Qf+gdu=/9fdu+/ﬂgdu

4. f>2g9 = /fdué/gdu
Q Q

Corollary |

For the definition of the integral, the sets A; do not need to be disjoint.
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Definition Integral of a nonnegative measurable functionl

Let (Q, A, 1) be a measure space and let f : (Q,.4) — (R, B) be measurable and nonnegative.
Then the integral of f is:

/fdu=sup{/ gdu:OSgSf,gsimple}G[Om]
Q Q

Lemma |

Let (2, A, 1) be a measure space and let f : (Q2,.A) — (R, B) be measurable and nonnegative.
Let £, : (,.4) — (R, B) be a sequence of nonnegative simple functions such that f,, 1 f. Then

/andM/andu

Corollary |

Let (€2, A, 1) be a measure space and (Q, A, 7i) its completion. o
Let f: (Q,A) — (R, B) be measurable and nonnegative. Then f is measurable with respect to (2,.4), and

[ rau= [ ran

Proposition |

Let f,g: (9, A) — (R, B) be nonnegative measurable functions. Let o > 0. Then

1. /Qafdp:a/gfdu
2./Qf+gd,u:/gfd,u+/ﬂgdu

3-fZg:$/fduS/gdu
Q Q

Corollary |

Let f,g: (9, A) — (R, B) be measurable and nonnegative. Then

f =0 almost everywhere <= / fdu=0 f = g almost everywhere <—- / fdp= / gdu
Q Q Q

Corollary |

Let f,g: (2, A) — (R, B) be measurable and nonnegative. Then

/fd,u<oo = pf{weN: flw)=00}=0
Q

4.2 Integrable functions

Definition f* and f~

f+_{f if >0 f.{o if f(z) >0

0  otherwise —f otherwise
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Definition Integral |

Let f: (Q,A) — (R, B) be a measurable function. Then the integral of f is defined by

Qfdu:/Qﬁdu—/Qf—du

if at least one of the integrals on the right-hand side is finite.
[ is integrable if both integrals on the right-hand side are finite, or equivalently, if [, |f|du is finite.

Proposition |

Let f,g:(9,A) — (R, B) be integrable, and let o € R. Then
1. af and f + g (when defined) are also integrable

2./Qozfd;¢:o¢/ﬂfd,u
3./Qf+gd,u:/ﬂfdu+/ggdu

4. f>2g9 = /fdué/gdu
Q Q

3, '/Qfdulé/ﬂlfldu

Proposition |

Let f,g: (2, A) — (R,B) be measurable. Assume that f is integrable and f = g almost everywhere. Then g is

integrable and
/fduz/gdu
Q Q

Corollary |

Let f:(Q,A) — (R, B) be integrable. Then

p{weQ:[f(w)|=o00}) =0

and there exists an integrable function g : (€2, .4) — (R, B) such that f = g almost everywhere and

/Qfdu:/ﬂgdu

Theorem |

Let (2, A, 1) be a measure space and (Q, A, i) its completion.
1. Let f:(Q,A) — (R, B) be integrable. Then f is also integrable with respect to ({2, A, 1), and

/Qfdu:/ﬂfdﬁ

2. Let f:(Q,A) — (R, B) be integrable with respect to 7z. Then g: (2, A) — (R, B) such that f = g w.rt. i
almost everywhere (as in Theorem 3.4.6%) is integrable with respect to y, and

/diu=/ﬂfdﬁ

* This corresponds with the final theorem of Chapter 3 in these notes.
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Definition Complex integral |

Let f:(Q,A) — (C,B(C) be measurable. Then the function f is said to be integrable if the real part f; and the
imaginary part fy are integrable, and the integral is defined as

/Qfdu:/gflduﬂfﬂfzdu

4.3 Integration with respect to the Lebesgue measure

Note |

Recall that (R4, M? m) is the completion of (2, B¢, mp), where my is the Lebesgue measure restricted to B%.
The completion theorem stated at the end of section 4.2 will then also apply to (R?, M<, m) and (2, B, mg).
Since m and mpg are equivalent almost everywhere, we will make no distinction between m and mg.

Theorem Fundamental theorem of calcu/usl

Let f : [a,b] — R be a continuous function.

1. f is Lebesgue integrable

x
2. F(z) = / f(t)dt is continuously differentiable on [a,b] and F' = f.
a

b
3. If G : [a,b] = R is continuously differentiable with G’ = f, then / f(@®)dt = G(b) — G(a)

Corollary Integration by partsl

Let h,k : [a,b] — R be measurable. Then

b b
/ REK (£) = h(B)k(B) — h(a)k(a) — / B (8)k(2) dt

Corollary Substitution rulel

Let ¢ : [a,b] — R be continuously differentiable with ¢’ > 0, and let f : [¢(a), ¢(b)] — R be continuous.
Then (f o )¢’ is Lebesgue integrable on [a, b] and

b »(b)
/ (f o 9) (@) () der = / F(5) dy

v(a)

4.4 Convergence theorems

Theorem Monotone convergence theoreml

Let (Q, A, 1) be a measure space. Let f,,, f : (2, .4) — (R, B) be nonnegative measurable functions such that

fn(w) = f(w) frn(w) < frg1(w) weN

Then
lim [ fody= / £ du

Lemma Lebesgue integration on the real /inel

Let f: (a,b] = R or f:[a,b) — R be nonnegative and continuous with primitive F. Then, respectively,

| fAm = ImEO = F) o[ fdm = Im(F(5) - Fo)
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Theorem Fatou’s lemma

Let (2, A, 1) be a measure space. Let f,, : (2,.4) — (R, B) be nonnegative and measurable. Then

/ (hminf fnd,u> < liminf / Fodu
Q n— o0 n— o0 Q

Theorem Dominated convergence theoreml

Let fn, f: (2, A) — (R, B) be measurable. Let g : 2 — [0, 00] be an integrable function such that
folw) = f(w) [frn(w)| < g(w) for almost all w € 0

Then f,, f are integrable and

tiw [ o= fldu=0  Jim [ fudu= [ fd

Proposition |

Let f,, : (2, 4) — (R, B) be measurable. Then

/Q<§f> dug/ﬂfndu

Corollary |

Let f : (Q,.4A) = (R, B) be measurable. If ,, € A are disjoint and |J Q,, = Q, then

n=1

/Qfdugfmfdu

Theorem |

Let f,, : (Q,.4) — (R, B) be measurable functions such that
Z/ fndp < o0
n=1"9

o0
Then the series Y f, converges almost everywhere to an integrable extended real-valued function and

n=1
/Q@jf) duzg/ﬂfndu
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4.5 Parameter-dependent integrals

Theorem |

Let (2,4, 1) be a complete measure space and I C R an open interval with zg € I.
Let f: I x Q — R be a real-valued function such that:

1. for every = € I the function w — f(x,w) is integrable.
2. for almost all w € 2 the function = — f(x,w) is continuous at zp € I

Define the following real-valued function:
F:T—-R F(z)= | f(z,w)du(w)
Q

e If there exists an integrable real-valued function g : Q — R such that
|fw,w)| < |g(w)]  forallz €I  almost everywhere on 2
then F' is continuous at xg € I.

e If there exists an integrable real-valued function g : Q — R such that

9,
‘af(w,w)’ <l|g(w)] forallz €I  almost everywhere on
X

then F' is differentiable at zg € I, and its derivative at zg is

Pl = [ 5| fawduw)

Zo

4.6 Densities and transformations of measures

Theorem |

Let (9,4, 1) be a measure space, let h: (2, 4) — (R, B) be nonnegative and measurable, let f : (2,.4) — (R, B)
be measurable, and define \ by

/\(E)/ hdy  EcA
E

A is a measure on A, and the following statements hold:

/QfdA=/thdu (+)

f integrable with respect to A <= fh integrable with respect to 4 = (x) holds

1. If f is nonnegative, then

Note: h is sometimes called the density of A\ with respect to u.

Theorem |

Let (©2,.4) and (€2, A’) be measurable spaces, and let ¢ : (2, 4) — (', A) and f : (2, A) — (R,B) be
measurable. If u is a measure on (2, A), then v defined by

v(B) = u(p~'(B)) BeA

is a measure on (€', 4’), and the following statements hold:

1. If f is nonnegative, then

Q/fdv:/Q(foso)du ()

f integrable with respect to v <= f o ¢ integrable with respect to y = (*x) holds

Note: v is called the induced measure, and is sometimes denoted by v = 10 1.
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Definition Measure preserving mapping |

Let 4 be a measure on (€,.A). The mapping ¢ : (Q, A) — (2, A) is said to be measure preserving if

w(B) = u(e~1(B)) forall Be A

5 Product measures

5.1 Construction of product measures

Definition Product o-algebra |

Let Ay, Ao be o-algebras on Q4,5 respectively. The o-algebra generated by
g = {A1 X A2 : Al S A1,A2 E.AQ}

is called the product c-algebra A = A; ® Az on Q1 x Q.

Definition Sections |

Let A be a subset of 2 = Q; X 3. For wy € 1 and wy € Q5 the sections A, and A“2 are defined as

Awl = {OJQ (S QQ : (wl,wg) S A} C QQ A¥? = {(,«)1 € Ql : (wl,(Ug) S A} C Ql

Proposition |

Let A=A; ® As. Then
w1691:>Aw16.A2 w2692:>A“2€A1

Definition Function sections |

Consider the function f: Q; x Qy — R. For w; € £ and wy € €, the sections f,,, and f“2 are defined as

for = flwi,w2) w2 € QD 2 = flw,w2) w1 €

Proposition |

Let f:(Q x Qa, 41 ® As) — (R, B) be measurable. Then
1. For wy € €y, the function f.,, : (Q2,42) — (R, B) is measurable.
2. For wy € Oy, the function 2 : (21, A1) — (R, B) is measurable.

Proposition |

Let (1,41, 1) and (22, As, i2) be o-finite measure spaces and let A € A; ® As. Then

1. The function wy — pa(A,,) is measurable with respect to A;. The function we — 11 (A%?) is measurable
with respect to As.

Theorem Product measure |

Let (91,41, 1) and (22, A, o) be o-finite measure spaces and let A € A} ® As. Then

H(A) = /Q 2 (Ao Y (dy) = /Q 112 (A% ) )

defines a o-finite measure 1 = 1 ® po on A; ® As. Moreover, p is the only measure on A; ® Az such that

,U,(Al X A2) = Hl(Al)‘LLQ(AQ) A1 S Al,AQ S AQ

Note |

The product of complete measures is not necessarily complete.
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5.2 Fubini-Tonellini theorems

Theorem Fubini-Tonellini theorem (nonnegative functions)

Assume p; and s are o-finite. Assume that f: (25 x Q2,41 ® As) — (R, B) is measurable and nonnegative.
Then,

1. The function wy — fw, dpo is nonnegative and A;-measurable.
Qo

2. The function ws +— f9? duy is nonnegative and As-measurable.
1951

Moreover,

/ fd(p ® pe) :/ ( Jon dﬂ2) dpa (wr) :/ ( i dﬂ1> dpiz(wo) in [0, oc]
Q1 xQo Q4 Qo Qo Q

Corollary Fubini-Tonellini theorem (absolute value)

Assume pi; and o are o-finite. Assume that f: (25 x Q2,41 ® As) — (R, B) is measurable. Then,

[ id e = [ (/ IfMIduz) djan(wr) = ( |fw2du1) Safen)
Q1 xXQ0s Q1 Qo

In particular, the integrals are simultaneously finite.

Theorem Fubini-Tonellini theorem (integrable functions)

Assume p; and s are o-finite. Assume that f: (Q; x Qa, 41 ® As) — (R, B) is measurable.
Define the following sets:

Fy = {w; € Q1 : fu, not integrable with respect to pa}  Fo = {wa € Qs : f*? not integrable with respect to u;}

F1 has p-measure 0 and Fy has us-measure 0. Moreover,

/91 x€2 Jela B = /Ql\Fl ( Q2 fon du2> dnlen) = /Qz\F2 (/Ql S dm) i)

5.3 Product measures on Euclidean spaces

Proposition Product of Borel c-algebras |

Let BP and B? be Borel o-algebras equipped with the Lebesgue measure m,, m,.

B? @ B? = BPte mp ® Mg = Mpye (well-defined)

Corollary Fubini-Tonellini theorem (elementary version)

Let K = K, x K; C R? xRY be compact. Let f: K — R be continuous and let A C K be Borel measurable. Then

[ rampig= [ p ( | 1@y qu<y>> dmyfe) = | q ( /.

(f14) (z,9) dmp(w)> dmq(y)

q p

Proposition Product of Lebesgue o-algebras |

Let MP and M9 be Lebesgue o-algebras equipped with the Lebesgue measure my,, mq.

MP @ M1 = MPH? my ® Mg = My, (well-defined)
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5.4 Convolutions

Lemma |

Let f,g: R? — R be Lebesgue measurable. Then the following functions are Lebesgue measurable:

hk:RExRY R h(z,y) = f(2)9(y)  klz,y) = flz—y)g(y)

Definition Convolutionl

Let f,g: R? — R be measurable. The convolution product of f and g is defined as

h(z) = L flz—y)g(y) dm(y) wherever f(xz — y)g(y) is integrable

The function h, denoted f * g, is the convolution of f and g.

Theorem |

Let f,g:R? — R be Lebesgue integrable. Then

/|fx— (y)|dm(y) < oo for almost all z € R?

For all z € R? where this integral is finite, define h(x) as in the definition of convolution. Then

/\h )| dm( (/ ()] dm(z )(/ l9(a)| dm(a )

6 Spaces of integrable functions

6.1 Normed linear spaces

Definition Semi-norm and norm |

A semi-norm on a linear space X over C is a function || - || : X — R satisfying:
1. ||h]| >0 forall he X
2. ||AR|| = |A|||R]| for all h € X and A € C
3. b+ Kl < ||h|| + ||E| for all h ke X

A semi-norm is a norm if ||h|| =0 <= h =0. A linear space with a norm is called a normed linear space.

Definition Complete linear space |

A Cauchy sequence is a sequence h,, such that
for all € > 0 there exists N € N such that m,n > N = ||h, — hp| <e€
A sequence h,, converges to h if
for all € > 0 there exists N € N such that n > N = ||h, — h|| <¢

A semi-normed linear space is complete if every Cauchy sequence in X’ converges in X
A complete normed linear space is called a Banach space.

Lemma |

A Cauchy sequence converges if it has a convergent subsequence.

Definition Set of neutral elements

The set of neutral elements in a semi-normed linear space X is:

N ={heX:|h=0}
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Lemma |

N is a closed linear subspace of X.

Definition Convergent series

o0 o0
A series Y f, is convergent if its sequence of partial sums converges, and absolutely convergent if " || /.| < co.
n=1 n=1

Proposition |

X is complete <= every absolutely convergent series in X’ converges in X

Definition X /N

For h,k € X define h ~ k if h — k € N. The set of corresponding equivalence classes [h] is denoted X' /A
X /N provided with the norm ||[h]|| = ||k]| is a normed linear space.

Lemma |

If X is a complete normed linear space, then X/N is a Banach space.

6.2 Holder and Minkowski inequalities

Lemma |

Let «, 8 € R be nonnegative and let 1 <p < oo and 1/p+1/g=1. Then

al/”ﬁ”qs%+§ (O‘;B)pgé(auﬂp)

Definition £P I

Let (2,4, 1) be a measure space and let 1 < p > oo.

e For p < oo the space £LP() is the set of all measurable complex-valued functions f for which

/ |fIPdp < o0
Q

1/p
£l = ( / Ifl”du)

e The space L is the set of all measurable complex-valued functions f for which

Furthermore, we define

there exists ¢ > 0 such that |f(w)| < ¢ almost everywhere

Furthermore, we define
I/ lloc = inf{c > 0:|f(w)| < ¢ almost everywhere}

Lemma |

LP is a linear space for all 1 < p < co.

Theorem Holder's inequality |

Let 1<p<ocand1l/p+1/qg=1.If f € LP(Q) and g € LI(R), then fg € L}(Q) and

gl < I fllnllgllq

The case p = 2, g = 2 is the Cauchy-Schwarz inequality.
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Corollary |

Let 1 < p < oo and assume p(Q2) = 1. If f € LP(Q), then f € LP(£2) and

Il < 11l

Theorem Minkowski's inequality |

Let 1 <p < 0. For f,g € LP, we have

If +glle < IFllp + llgll +p

Corollary |

LP(Q) with || - ||, is a semi-normed linear space.
A function f € £P(Q) has || f||, = 0 if and only if f =0 almost everywhere.

6.3 Completeness

Theorem |

Let 1 <p<ooand f, € LP.

o0

oo fr converges in LP(2)

Z f converges absolutely = { #<!

k=1 fx converges pointwise almost everywhere
k=1

Theorem |

Let 1 < p < 0o. The semi-normed linear space £P(2) is complete.

Corollary |

Let 1 <p < oc.
Every Cauchy sequence in £LP(2) contains a subsequence that converges pointwise almost everywhere.

Definition L? |

LP(Q, ) = LP(Q, ) /N (1)

Natural embedding |

)

Let & be the completion of 1 and consider the equivalence classes [f],, € LP(£2, 1) and [f]z € LP
Then the natural embedding [f], — [f]z is a well-defined linear mapping from LP(, i) to LP(
Moreover, it preserves the norm:

1A ully = N[f]alle

(Qp
0, 7)

Theorem |

The natural embedding is surjective.

Theorem |

Let 1 < p < oo. The simple functions which belong to £P(Q) are dense in LP(Q).

Definition Compact support

A function f : RY — C has compact support if the closure of {z € R? : f(x) # 0} is bounded.
The space C.(R?) is the collection of all functions f : C — R that are continuous and have compact support.

Theorem |

The space C.(R?) is a dense subset of £4(R?) for 1 < p < cc.
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Corollary |

Let f € LP(RY) with 1 < p < co. Then

lim lf(x+t)— f)Pdm(t) =0

x—0 Rd

7 Decomposition of measures

7.1 Bounded linear functionals on Hilbert spaces

Definition Bounded linear functional |

Let X be a normed linear space over C. A linear functional is a linear function X — C.
We define the norm of a linear functional F': X — C by

Fh
||F|—sup{”h||:heé’(,h§£0}

F' is bounded if ||F|| < oo.

Definition Dual space |

The dual space of X is defined by

X'={F:X — C:F is bounded and linear}

Theorem |

The dual of any normed linear space is a Banach space.

Definition Hilbert space

A vector space equipped with an inner product (-, ) is called an inner product space.

Inner products induce the following norm:
1Bl = +/(h, h)

A complete inner product space is called a Hilbert space.

Theorem Cauchy-Schwarz inequality

[(h )L < [II[E]

Definition F}, |

F,: X —=C h— (h, k)

Proposition |

Let X be an inner product space. Then Fj € X’.

Theorem Riesz representation theorem

Let X be a Hilbert space and let F' € X’. Then there exists a unique element k € X such that F = F},.

7.2 Domination

Definition Domination |

Let v, u be measures on (€2, A). Then v is dominated by 1 if

v(A) < u(A) forall Ae A
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Theorem Radon-Nikodym derivative (domination case)

Let p be a finite measure on (£2,.4) and let v be a measure on (Q,.A) which is dominated by p. Then there exists a
p-measurable real-valued function h with 0 < h < 1 almost everywhere with respect to pu, such that

v(A) = / hdp forall Ae A
A

This function h is uniquely determined up to sets of pu-measure 0.

7.3 Absolutely continuous measures

Definition Sum of measures |
Let A1, A2 be two measures on (2, .A). Their sum is defined by

(A1 + A2)(4) = A (A) + A2(A)

Definition Absolutely continuous measure |

Let A and p be measures on (§2,.A). Then X is absolutely continuous with respect to p, denoted A < p, if

AeAand u(A) =0 = A(A4) =0

Lemma |

Let A1, A2,  be measures on (2, A). Then

MLpand €<y = M+

Theorem Radon-Nikodym derivativel

Let A and p be o-finite measures on (Q, A) with A < p.
Then there exists a p-measurable extended real-valued function h such that

A(A):/hdu Ac A
A

The function h is uniquely determined up to sets of p-measure 0.

7.4 Lebesgue decomposition

Definition Concentrated measure |

A measure X on (2, .A) is concentrated on a set S € A if A(S¢) =0.

Lemma |

Let A be a measure on (£2,.4) and let S € A. The following are equivalent:
1. The measure ) is concentrated on S.
2. Forall Ac Awehave ACS° = AA)=0
3. For all A € A we have \(A) =\(ANS)

Definition Mutually singular measures |

Let A1, A2 be measures on (Q,.A4). Then A1, Ao are mutually singular, denoted A\; L Ao,
if A1 is concentrated on S; € A, Ay is concentrated on S5 € A, and S1 NSy = 2.

Lemma |

Let A1, A2 be measures on (92, A). The following are equivalent:
1. A1 and Ay are mutually singular.

2. There exists a set N € A such that \; is concentrated on IN and A5 is concentrated on IN°.
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Lemma |

Let A1, A2, A, u be measures on (Q2,.A).
LM Lpandde Ly = M+ Llp
22 << pand Ao L p = A L Ao
AL ppand A Ly = A=0

Theorem Lebesgue decomposition |

Let A and p be o-finite measures on (2, A). There exists a unique pair of measures A\, and A; such that

A= Ag + A Ag K 1 As L p

and in addition, A, L As.




Index

C., 22 Hilbert space.,

Fr, 23

L?, 22 independent, [11]

cr, P induced measure,

X /N, inner product space,
o-algebra, [j] integrable,
o-finite, integral, [12

Integration by parts,

a.e, [ Invariance under orthogonal transformations, [§]
absolutely continuous, Invariance under translation,

absolutely convergent,

algebra, 2] Lebesgue decomposition,

almost everywhere, [I]] Lebesgue integration on the real line,

Lebesgue measurable sets,
Banach space, [20] Lebesgue measure,

Borel o-algebra, Lebesgue outer measure,
Borel sets, Lebesgue-Stieltjes outer measure, [9]
bounded, 23] length of (a, b] relative to F, [9]
Bounded linear functional, linear functional, 23]
Carathéodory extension theorem, [10] measurable, [6] [10]

Cauchy sequence, [20] measure, [3]

Cauchy-Schwarz inequality, 21} measure preserving, [1§]

closed d-dimensional rectangle, measure space, |§|

compact support, [22] Minkowski's inequality, [22]
complete, [6} 20] Monotone convergence, 3]
completion, [f] Monotone convergence theorem,
Complex integral, mutually singular,
concentrated,

conditional probability, [IT] natural embedding, [22]
Construction of pairwise disjoint sets, [2] neutral elements, [20]
convergent, [21] norm, [20]

converges, [20] norm of a linear functional,
convolution, normed linear space, [20]
convolution product, [20]

Countable subadditivity, 3] outer measure, [f]

density, pre-measure, [9]

dominated, 23] probab!l!ty, 1]

Dominated convergence theorem, [16] probability space,

dual space, 23] product o-algebra,

Dynkin system, Product measure, [18]

Product of Borel o-algebras, [19]
events, [11] Product of Lebesgue o-algebras, [I9]
extended real line, [I0] Properties of left and right limits, [9]
Fatou’s lemma, [16] Radon-Nikodym derivative,
finite measure space, [3] Radon-Nikodym derivative (domination case),
finitely additive measure, random variable,
Fubini-Tonellini theorem (absolute value), Riemann integral, [2

Fubini-Tonellini theorem (elementary version), Riesz representation theorem, 23]
Fubini-Tonellini theorem (integrable functions),

Fubini-Tonellini theorem (nonnegative functions),

sections, [18]

Function sections, [T8] semi-norm, [20]
Fundamental theorem of calculus, semi-ring, @

Simple function, [T1]
generated, Substitution rule,
generator, [4 [5] sum, [24]

Halder's inequality, [21] trace, [f]

26



	Measure spaces
	Algebras and measures
	Finitely additive algebras
	-algebras and measures

	Monotone convergence
	-finite measures

	Generators of -algebras
	Dynkin systems
	Completion

	Construction of measures
	Outer measures
	Lebesgue measure
	Lebesgue outer measure
	Lebesgue measure
	Behavior under linear transformations
	Regularity properties

	Lebesgue-Stieltjes measure
	Extensions of pre-measures

	Measurability of functions
	Measurable functions
	Extended real-valued functions
	Probability theory fundamentals

	Approximation by simple functions
	Properties valid almost everywhere

	Integrability of functions
	Integrals of nonnegative functions
	Integrable functions
	Integration with respect to the Lebesgue measure
	Convergence theorems
	Parameter-dependent integrals
	Densities and transformations of measures

	Product measures
	Construction of product measures
	Fubini-Tonellini theorems
	Product measures on Euclidean spaces
	Convolutions

	Spaces of integrable functions
	Normed linear spaces
	Hölder and Minkowski inequalities
	Completeness

	Decomposition of measures
	Bounded linear functionals on Hilbert spaces
	Domination
	Absolutely continuous measures
	Lebesgue decomposition


